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Abstract:  This paper examines the effect of public long-term care on the 

macro-economy under a closed two-period overlapping generations economy. We 

show that the effect of state of health on the steady-state level of capital stock depends 

on the degree that elderly desires household-produced care service by the young. We 

also examine the optimal elderly care policy. We show that the government should 

control both the rate of payroll tax and the rate of self-burden to reach the optimal 

solution. We also show that the government should set a high rate of self-burden in an 

economy where the degree of altruism is sufficiently high and the elderly are in good 

health.  
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1. Introduction 
 

Most developed countries are experiencing population aging. In the more developed 

countries, 20 percent of the population is aged 60 years or over and that proportion is 

projected to reach 33 percent by 2050. In developing countries, in which population 

aging is less advanced, 8 percent of the population is aged 60 or over but 20 percent of 

their population is expected to be aged 60 or over by 2050. The factor contributing 

population aging is both the reduction of fertility and the reduction of mortality at adult 

ages. In respect of mortality, global life expectancy is estimated to have risen from 58 

years to 75 years in 2045-2050. (World Population Prospects: The 2006 Revision). 

Thus, population aging is not only the problem of developed countries but also it is on 

the rise around the world. In Japan, where the speed of population aging is the fastest 

and life expectancy of female is the highest in 2007, at 86 years1, several problems 

arise as a result. The most serious problems are a decrease in numbers in the 

productive labor force, care of the elderly, and the management of the pension scheme 

for all others. This paper particularly focuses attention on the problem of the care of 

the elderly. 

    In Japan, an elder-care insurance scheme was introduced in 2000. As a result, the 

cost of elder-care insurance is increasing.2 It is inevitable that both the tax burden and 

personal expense are growing because population aging leads to the increase of 

elder-care costs.  

    The question is how to set the level of both the tax burden and personal expense. 

Considering this problem, we assume two forms of elder-care service: 

household-produced care provided by the young using their own time, and a 

market-produced care service. In this context, the effect of state of health on the 

steady-state level of capital stock depends on the degree that elderly desires 

household-produced care service by the young. 

    To analyze the policy, we develop an overlapping-generations model with public 
                                                        
1 Japanese Ministry of Health, Labor and Wealth (Abridged Life Tables (2007)).  
2 According to the Japanese Ministry of Health, Labor and Wealth (2006), the cost of the elder-care 
insurance scheme rose from 3.6 trillion yen in 2000 to 7.1 trillion in 2006. 
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care system and we showed that the government should set a high rate of self-burden 

in an economy where the degree of altruism is sufficiently high and the elderly are in 

good health.  

    The rest of the paper is organized as follows: Section 2 explains our model 

without the government; Section 3 analyzes the equilibrium with the government; 

Section 4 shows the policy of elderly care; and Section 5 states the conclusions of this 

paper.  

 

2. The model  
 
We consider a closed overlapping-generations economy in which individuals live for 

two periods of life, working when they are young and retiring when old. All the young 

are in good health, but the old are in poor health.3 There are two forms of elderly care 

service. One is household-produced care service and the other is market-produced care 

service. In the former, the young donate their time to provide the care. In the latter 

system, the elderly person buys the care service himself or herself, paying the market 

price. The economy is closed and homogeneous agents are born in every period. At 

each period t, all agents have a unit length of time.  
 

2.1 Households 
Households have altruism towards parents, and the young take care of their parents by 

means of spending their time.4 Thus, we assume that household-produced health 

technology is: 

,1
]1[

tt

tt

el�

lhh
≡−=

−=
                          (1) 

where tl  represents the labor supply and te  represents the time spent caring for the 

parents.  

                                                        
3 Mizushima (2008) examined the relationship the rate of life expectancy and the steady- state level of 
capital stock assuming that the young supply household-produced care service for the old.  
4 In contrast, the elderly do not look after the young.  
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    The young earn wage income tt lw  by working for a firm, and spend it for 

consumption tc  and saving ts . Then the young face the following budget constraint: 

,tttt sclw +=                            (2) 

When old, they consume part of the proceeds of their saving, 1+td , and the remainder is 

used for purchasing the market care service 11 ++ tt mp . Then the elderly face the 

following budget constraint: 

,1111 ++++ += ttttt mpdsR                        (3) 

where 1+tp  denotes the price of market care service, 1+tm  denotes the quantity of 

purchasing the market-produced care service and 1+tR  denotes the 1+real interest rate.  

    We assume that the utility of generation t , tU ,is given as: 

,1++≡ ttt vuU β                           (4) 

where tu  represents the utility of generation t  in the working period and tu  

depends not only on the consumption of generation t  in the working period but also 

depends on the utility of parents who belong to the retirement period. And 1+tv  

represents the utility of generation t  in the retirement period. Thus, we consider a 

logarithmic utility function  

,log ttt vcu σ+≡                           (5) 

( ) ( )[ ],log1log1log 1111 ++++ −+−+≡ tttt medv εερρ             (6) 

where ( )1,0∈σ measures the degree of altruism, ( )1,0∈ρ denotes the parameter 

measuring preference for consumption when elderly, so that we can also interpret ρ as 

state of health. 5  ( )1,0∈ε  denotes the parameter measuring preference for 

household-produced care service.  

    Thus, each household faces the following utility maximization problem:  

( ) ( )[ ][ ]

.
,.,

,log1log1loglogmax

1111

111,,, 11

++++

+++

+=
+=

−+−+++=
++

ttttt

tttt

ttttttmdec

mpdsR
sclwts

medvcU
tttt

εερρβσ

 

                                                        
5 The elderly would prefer consumption rather than care service while in good health, but would prefer 
care service to consumption if in poor health.  
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Solving this problem, denoting ( ) ( )( )[ ]{ }ερρβρσε −−++−+ 11111 asΩ , we derive 

the following: 

( ) ],[1 ρρσε eet ≡−Ω=                        (7) 

( )( ){ }[ ] ],[111 ρερρβ llt ≡−−++Ω=                   (8) 

( )( )[ ] ],,[11 ttt wsws ρερρβ ≡−−+Ω=                  (9) 

( )( ) [ ] ( )( )[ ]{ }.11,11 111 ερρρερ −−+−−= +++ tttt pwsRm           (10) 

 

2.2 Production sector 
This section examines the behavior of the production sector. We assume that both the 

goods sector and the market-produced care service sector are perfectly competitive and 

all firms practice profit maximization.  
    Firms that produce the goods face a Cobb-Douglas production function:  

( ) ,1 αα −
= g

ttt LAKY  

where tY , tK , g
tL , 0>A  denote the aggregate output of goods, the aggregate capital 

stock, the labor input of the goods market and a productivity parameter, respectively.6 

The first-order condition for profit maximization is as follows:  

( ) ,1 αα tt Akw −=                          (11) 

,1−= αα tt AkR                           (12) 

where g
ttt LKk ≡ . 

    Next, we turn our attention to the care service sector. We assume that their 

production technology is linear:  

,m
tt LM =  

where tM , m
tL  denote the aggregate output of the care service and the labor input of 

                                                        
6 We assume that the depreciation rate of the capital stock is one. 
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the care service sector, respectively.7  

    The first-order condition for profit maximization is  

.tt wp =                           (13) 

 

2.3 Dynamics without the public care system 
The equilibrium condition for the capital market, the care service market and the labor 

market are given by ttt NsK =+1 , 1−= ttt NmM , ( ) tttt
m
t

g
tt LLLLL γγ −+=+= 1 , 

respectively, where ( )1,0∈tγ  represents the proportion of labor input in the goods 

market at period t , and we calculate tγ  as follows8:  

( )( )
( ) ( )( ) [ ].

111
11 ργ

εραρ
ερεαγ ≡
−−+−

+−−
=t                  (14) 

    Note that the proportion of labor input into the goods market is constant over each 

period, and the more the elderly prefer the household-produced care service, the bigger 

the proportion of labor input into the goods market becomes [from eq.(14), 

[ ] 0>∂∂ εργ ].  

    Dividing both sides of the equilibrium condition for the capital market by tN , and 

using equations (9), (11), (12) and (14), we obtain the equation describing the 

equilibrium dynamics of k :  

,1
α
tt Akk Γ=+  

where ( ) ( )( )[ ]
( )[ ]ερεβ

ρεαρβ
+−++
−−+−

≡Γ
11)1(

111
n

. 

    Given the initial condition ( )gLK 00 ,  the labor capital ratio converges to the 

following steady state level:  

( ) [ ].1
1

ρα kAk ≡Γ= −                         (15) 

    Then, let us consider the effect ρ on capital accumulation.  

                                                        
7 Following Yoshida and Kenmochi (2005), the care service sector is labor intensive in general; we 
assume that market care production does not require capital. 
8 See Appendix for derivation. 
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Proposition 1.  The effect ρ  on capital accumulation depends on the size ofε . 

(ⅰ) A higher ρ  leads to a higher steady-state level of capital when εε > .  

(ⅱ) Neither a higher ρ  nor a lower ρ  affect the steady-state level of capital  

    when εε = .  

(ⅲ) A higher ρ  leads to a lower steady-state level of capital when εε < . 

 

Proof.  Using equation (15), we derive: 

[ ] ( ) .
1

10 ε
αβ
βαε

ρ
ρ

≡
+
+

↔
∂
∂

＜
＞

＜
＞k  

■ 

    An increase in ρ  affects the steady state capital accumulation in the following 

three ways. First is the change in labor supply. A higher ρ  leads to an increase in 

labor supply, and this lowers the steady-state capital accumulation. The second is the 

change in saving by the young. Because an increase in the labor supply leads to an 

increase in household’s labor income, the young tend to increase their saving. This 

heightens the steady-state capital accumulation.  

    The last is the change of [ ]ργ . A higher ρ  leads to an increase in the proportion 

of labor input into the goods market, and this lowers the steady-state capital 

accumulation. 

 

3. Model based on public care system 
 
In the following sections, we describe an economy with a public care system. To do so, 

we introduce the government which runs the public care system.9 Then, we assume 

that this system operates by the following rules. First, the elderly must pay the full cost 

for using a market-produced care service, 1−ttt Nmp . The government pays part of it as 

benefits for the elderly, collecting it as payroll tax from the young. More concretely, 

                                                        
9 In this paper, we are not concerned with government debt. 
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denoting the rate of self-burden as ( )1,0∈f , the government pays ( ) 11 −− ttt Nmpf  

as 1−tt NF  for the elderly.10 Thus the government budget constraint at period t  is:  

( ) ,1 11 −− −== tttttttt NmpfNlwNF τ                  (16) 

where ( )1,0∈τ  is the rate of payroll tax.  

 

3.1 Behavior of household with a public care system 
Each household faces the following utility maximization problem with a public care 

system:  
( ) ( )[ ][ ]

( )
.

,1.,

,log1log1loglogmax

11111

111,,, 11

+++++

+++

++=
+=−

−+−+++=
++

tttttt

tttt

ttttttmdec

FmpdsR
sclwts

medvcU
tttt

τ

εερρβσ

 

Solving the problem, we arrive at the following equation:  

( ) ( )[ ] ],[11 11 ρτρσε eRFwe tttt ≡+−−Ψ= ++               (17) 

( ) ( )( ){ }( ) ( )[ ],11111 11 ++−−−−++−Ψ= tttt RFwl ρσεερρβτ        (18) 

( ) ( ) ( )( )[ ] ( )[ ][ ] ],,,[111111 111 +++ ≡−+−−−+−−Ψ= ttttttt FwsRFwws ρρσεερρτβτ (19) 

( )( ) [ ]{ } ( )( )[ ]{ },11,11 1111 ερρρερ −−++−−= ++++ ttttt pFwsRm       (20) 

where ( ) ( ) ( )( )[ ][ ]{ }ερρβρσετ −−++−+−≡Ψ 111111 tw . 

 

3.2 Dynamics with a public care system  
In this section, behavior of firms and the equilibrium conditions are the same as section 

2, so the equations (11), (12) and (13) still hold.  
    Calculating the saving in this economy with a public care system is, using 

equation (16) and (19), we obtain:  

( ) ( )( )[ ]
( ) ( )( )[ ].1111

111
ερρβρσε

ερρβτ
−−++−+

−−+−
=

f
fw

s t
t                (21) 

    Then, substituting this equation into (17) and (18), household-produced care 
                                                        
10 The expense rate is 1 mean that there is no public care system in this economy. 
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service and labor supply is derived as follows:  

( )
( ) ( )( )[ ] ],,[

1111
1 fe

f
et ρ

ερρβρσε
ρσε

≡
−−++−+

−
=           (22) 

( )( )[ ]
( ) ( )( )[ ] ].,[

1111
111 fl

f
flt ρ

ερρβρσε
ερρβ

≡
−−++−+

−−++
=           (23) 

A higher f  leads to a lower ],[ fe ρ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
<

∂
∂ 0],[

f
fe ρ  and a higher ],[ fl ρ  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
>

∂
∂ 0],[

f
fl ρ . This implies that a higher f  creates a higher burden for the elderly; 

the household then tends to increase labor supply to save more.  

    Using equations (11), 1−= ttt NmM  and (16), we derive the proportion of labor 

input in the goods market at period t  as follows:  

( ) ( )( )[ ]
( )( ) ( ) ( )( )[ ] [ ].,

11111
111 f
f

f
t ργ

ερραερα
ερραγ ≡

−−+−+−−
−−+−

=         (24) 

where [ ] 0,
>

∂
∂

ρ
ργ f , [ ] 0,

>
∂

∂
f

fργ .  

    Substituting equation (11), (21), (23), (24) into ttt NsK =+1 , we obtain the 

following dynamics of k :  

( ) ,11
ατ tt Akk −Φ=+                         (25) 

where ( )( ) ( ) ( )( )( )[ ]
( )( )( )[ ]ερρβ

ερραεραβ
−−+++

−−+−+−−
≡Φ

111)1(
11111

fn
f , and given the initial 

condition ( )gLK 00 ,  the labor capital ratio converges to the following steady-state level 

k :  

( )( ) [ ].,,1 1
1

fkAk τρτ α ≡−Φ= −                     (26) 

 

Proposition2.  A higher f (this implies A lowerτ ) leads to a higher steady-state of 

capital as long as the government runs the public care system under a balanced 
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budget. 

 

Proof.  See Appendix.  

■ 

 

    As long as public care system is operated under a balanced budget, a higher f  

implies a lower τ . A higher f  affects steady-state capital accumulation in the 

following two ways. As we already know 0],[
>

∂
∂

f
fl ρ , a higher f  leads to an 

increased saving through increasing labor supply on the part of the young. An 

increasing saving leads to a higher steady-state capital accumulation. At the same time, 

as the labor supply increases, this leads to a lower steady-state capital accumulation. 

Consequently, a higher f  leads to higher steady-state capital because the former 

effect outweighs the latter.  

    In the rest of this paper, we analyze the elderly care policy. In doing so, we 

assume social welfare function, denoting δ  as the central planner’s discount factor, 

as below:  

( )[ ] .log)1(log)1(loglog
1
∑
∞

−= ⎭
⎬
⎫

⎩
⎨
⎧

−+−+⎟
⎠
⎞

⎜
⎝
⎛ +

+≡
t

tttt
t medcW εερρ

δ
δσβδ   (27) 

    We obtain the resource constraints:  

( ) ( ) ,)1(
1 1

1 n
t

t
ttt

n
t kn

n
d

clkA +
− ++

+
+=αα γ               (28-1) 

,
1

)1(
n

m
l t

tt +
=− γ                        (28-2) 

where tt
n
t NKk ≡ . 

    Equation (28-1) is an allocation of goods, and equation (28-2) is an allocation of 

the market care service. Therefore, the social planner maximizes equation (27) under 

the resource constraints (28-1) and (28-2) with ( )10 , −dK  given. 

    The first-order conditions of the social planner’s problem yield:  
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tt d
n

c δ
δσβρ )1)((1 ++

= ,  αα
φρε

tt

t

Akc
l

)1(
)1(1

−
−

=
−

 and .
)1(

)1(1 t
t

tt c
Ak

l αα
ρε

δ
δσβγ

−
−

⎟
⎠
⎞

⎜
⎝
⎛ +

−=  

Relationships exist between consumption by the young and consumption by the elderly 

and the household-produced care service and the labor input toward goods market. 

    Then, the dynamics of the optimal economy are described by the following 

difference equations:  

n
Ak

c
c t

t

t

+
=

−
++

1

1
11

αδα
 and ,)1( 1 ttt cAkkn ψα −=+ +  

where [ ] 0
)1(

)1)(1()1()()1(
>

−
−−+−++−

≡
αδ

αδραρδσβαδψ . 

The steady state values of this economy are follows:  

,ˆ
1

1
1

k
n
Ak ≡⎟
⎠
⎞

⎜
⎝
⎛
+

=
−αδα  

[ ] .̂
)1)(1()()1(

)1)()(1( ee ≡
−−+++−

−+−
=

αδρρδσβαδ
αδδσβρε  

    In the rest of this section, we give our attention to analyzing whether or not an 

optimal rate of payroll tax and an optimal rate of self-burden exist. First, we obtain the 

relationship between the rate of payroll-tax and the rate of self-burden by comparing 

the steady-state capital stock, which is the competitive equilibrium value, and the 

optimal capital:  

( )( ) ( )( )[ ] ( )
[ ]{ } ].[ˆ

)1)(1()1()1)(1(
1)1(111 f

f
f τ

ερραεραβ
βρααβραβαβαβερτ ≡

−−+−+−−
+−−+−−+−−

=    (29) 

    Next, the comparison between the competitive equilibrium value of 

household-produced care service and the optimal one yield:  

( )[ ] .ˆ
)1)(1)((

11)()1( ff ≡
−−+

+−++−++
=

ερσββ
βρρσεσβσβσ            (30) 
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where we assume [ ] ( )
( ) ee ˆ
11
10, >

+−+
−

=
βρρσε

ρσερ  to be satisfied 0ˆ >f . 

    Note that (30) is independent of the payroll-tax. If the rate of self-burden level is 

set at (30), the household-produced care service would be coincident with optimal one. 

Then, when the optimal rate of payroll-tax is set at [ ]f̂τ̂ , the market solution of the 

capital stock would be coincident with optimal one.  

[ ]
[ ] ].ˆ[ˆ

)1)(1(ˆ)1()1)(1(
)1(ˆ)1)(1()1()1( f

f
f τ

ερραερα
αδβααερραβαδτ ≡

−−+−+−−

−−+−−+−++
=  

Figure 1 illustrates determination of [ ]f̂τ̂ . As shown in (34) and (35), to reach the first 

best solution requires the regulation of both the rate of pay-roll tax and the rate of 

self-burden.  

    Let us consider the comparative statistic analysis:  

( )
( )⎩

⎨
⎧

∈>
∈<

−−=
∂
∂

+

+

1,0
,00ˆ

22

σσ
σσ

ββσ
ρ if

iff  

where 2ββσ +≡+ .  

    Here, we have the following proposition with regard to the effect of ρ  on f̂ . 

 

Proposition 3: If the degree of altruism is sufficiently high, the government can set the 

rate of self-burden high, and vice versa. 

 

    If σ is sufficiently high, the government can set the rate of self-burden high. The 

young in an economy with higher σ  tend to decrease labor supply and tend to spend 

more time providing household-produced care service to the elderly. However a higher 

ρ is equivalent in that there are many elderly who have good health and the demand 

for goods is high. To achieve a bigger demand for goods, the labor input should be 

distributed more into the goods market by setting a low rate of self-burden 

[ ]
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
>

∂
∂ 0,

f
fργ .  
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5. Conclusion 

 

In this paper, we analyzed the effects of the household-produced care service and the 

market-produced care service on macro-economy and the optimal elderly-care policy.  

    To examine these issues, we constructed a closed overlapping-generations 

economy; there are two forms for elderly-care service (one is household-produced care 

service and the other is market-produced care service). Using this model, we showed 

that the effect of state of health ( ρ ) on capital accumulation depends on the degree 

that elderly desires household-produced care service by the young (ε ).  

    In the second part of this paper, we examined the optimal elderly care policy. We 

showed that to reach the optimal solution, both the rate of pay-roll tax and the rate of 

self-burden must be controlled. We also showed that if the degree of altruism is 

sufficiently high and the elderly have good health, the government can set the rate of 

self-burden high to satisfy consumption demands of the elderly by channeling the labor 

supply into the goods market.  
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         f  

 

 

 

             [ ] kfk ˆ,, =τρ (eq. (29)) 

 

  

 

                                       

 

[ ] efe ˆ, =ρ (eq. (30)) 

 

f̂  

     

 

 

 

 

 

 

 0             [ ]f̂τ̂                  τ  

 

Figure 1: The determination of [ ]f̂τ̂  
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Appendix 

 

Derivation of the proportion of labor input into the goods market at period t  

Dividing equilibrium condition of capital market and of the care service market into 

tN  and arranging these equations, we derive the following:  

,][)1( 11 ttt slkn =+ ++ ργ                      (A-1) 

.][)1)(1( 11 ++ =−+ tt mln ργ                    (A-2) 

Then, by substituting equations (9), (10), (11) and (12) into (A-1) and (A-2) 

respectively, and using these two equations, we obtain the proportion of labor input 

into the goods market at period t . 

 

 

Proof of proposition 2 

Inserting equations (11), (21) and (23) into (16) and arranging these equations, we 

derive the following relationship:  

( )( )( )
( )( ) ( ) ( )( )[ ] ,ˆ

11111
111 τ

ερραερα
ερατ ≡

−−+−+−−
−−−

=
f

f           (A-3) 

where 0
ˆ
<

∂
∂

f
τ . Inserting equation (A-3) into (26), we obtain the following:  

( ) ( )( )[ ]
( ) ( )( )( )[ ] .

1111
111 1

1
α

ερρβ
εραρβ −

⎭
⎬
⎫

⎩
⎨
⎧

−−+++
−−+−

=
fn

fAk               (A-4) 

By differentiating (A-4) with respect to f , we obtain proposition 2. 
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